Abstract -A further development of the dynamic adaptation method for gas dynamic problems describing multiple interactions of the shock waves, rarefaction waves, and contact boundaries are considered. By the test Woodward -Colella problem the efficiency of the proposed method for solving problems of gas dynamics with explicit definition of shock waves and contact boundaries is shown. For the problem solution mechanism of the adaptation of diffusion type is used. A choice of the adaptation coefficient for obtaining solution in each of subdomains of quasiuniform grid is substantiated. The discontinuities interaction between each other is solved by the Riemann problem. Application of the dynamic adaptation method allowed obtaining solution in 420 cells which practically coincides with the results of WENO5m method in 12800 cells.
Introduction
The last few decades have seen a further development of solution methods for systems of equations of the hyperbolic type and, as consequence, of gas dynamic equations. The rapid progress in this area is indicative of enhanced interest in this matter, since there exists a large number of practical problems that are simulated by systems of differential equations of the hyperbolic type.
The existing solution methods for gas dynamic problems can arbitrarily be subdivided into two classes: shock-capturing methods and explicit-boundary-tracking methods. Each of them has its own advantages and disadvantages.
The shock-capturing methods, in which the problem is solved, as a rule, in invariable initially specified domain, permit calculations without taking into account the specific features that arise inside this domain. Precisely this fact determines the main advantages and disadvantages of the above methods. On the one hand, the shock-capturing methods are easy to realize computationally, since they have a simple algorithmic part, and on the other hand, they are unable to reliably describe the weak and strong discontinuities arising in the solution process. By the reliability is meant in this case the presence of just discontinuities in the solution domain rather than their smoothed analogs. Initially, this smoothness was attained due to the introduction into the model of artificial viscosity (linear, quadratic, and their combination). Recently, the use of artificial viscosity looks as some anachronism. This is due, not in the last place, to the fact that new algorithms for solving gas dynamic problems with discontinuity smoothness have been developed.
The major problem in constructing difference schemes in the shock-capturing methods is the desire to increase the approximation accuracy and simultaneously obtain monotonic numerical solutions, which in the presence of strong and weak discontinuities is a nontrivial problem. Godunov's theorem [8] states that in a linear case monotonicity can be provided only in difference schemes of the first order of approximations. In the 1970s, the development of "monotonized" difference schemes of a higher order of accuracy was associated with the works of Van Leer [30] and the flux-correction antidiffusion method (FCT-method) of Boris and Book [3, 24] . The next stage in the development of difference schemes for solving type is the appearance of TVD schemes (see, for example, the works of Harten [9] , Osher [25] ) and the development of ENO and WENO methods [10, 20] . Another direction, which is essentially similar to the above methods, is based on monotone or quasi-monotone interpolation of grid solutions. It is possible to term the methods using this technique as grid-solutionreconstruction methods. In the foreign literature, finite parabolic reconstruction -the so-called PPM (piecewise parabolic method) is the most popular [6] . The existing solution methods for gas-dynamic problems are described in more detail in [16] or [2] .
The main disadvantages of all shock-capturing methods are the use of a too large number of grid nodes for achieving the required accuracy, the application of complex methods of node crowding at the sites of large gradients, and the impossibility of solving them with the use of problems that require definition of discontinuities (e.g., problems in which an accurate account of the kinetics at the boundaries is required).
The explicit-discontinuity-tracking methods [12, 17, 31] , despite their certain disadvantages, among which is the absence of a priori information about the place where a discontinuity arises or the difficulty of tracking the geometry of the domains in multidimensional statements, show undoubted advantages for a wide class of problems. In the last few years, the most extensively used method has been that known the front tracking method [17, 29] which is emplyed, as a rule, together with AMR (adaptive mesh refinement) algorithms based on Euler grids. It might be well to point out the active development of solution methods for gas dynamic problems adaptive for gradients and explicitly tracked discontinuities on moving grids, among which are the variation methods [14] , the harmonic-map method [18] , and dynamic-adaptation method [7] . The adaptation problems for multidimensional meshes are fairly closely allied to the problem of constructing computational meshes for arbitrary simply connected regions. One can familiarize himself with some of approaches to the solution of this problems and the difficulties arising therewith, e.g., in reviews [13] and [19] . In [1] , the calculation of the detonation waves with the tracking of a heating-up shock wave is performed on adaptive grids crowding in the vicinity of large solution gradients. To construct a grid, at each instant of time the Dirichlet functional minimization problem is stated. The variational principle of grid construction is the most popular at the present time and is often used to construct initial grids for complex domains [14] . However, if the calculation domains changes considerably in the solution process, then one has to face now and then the basic problem of the variational methods consisting in that "in extreme situations the majority of algorithms generate grids whose cells can be turned out, and even situations are possible where the grid nodes go beyond the domain boundaries" [13] .
The dynamic adaptation method considered in the present paper is based on the transition to an arbitrary nonstationary coordinate system; in the unknowns are not only the grid functions, but also the coordinates of the grid nodes. The transformation of coordinates is conducted with the use of the sought solution and, depending on the solution peculiarity; a particular distribution of grid nodes is obtained [4, 5, 7, 22] . The above approach makes it possible to perform calculations by both the shock-capturing methods with automatic crowding of nodes to the solution singularities and the methods with explicit tracking of moving boundaries and discontinuities, when required. Both these techniques were used earlier to investigate the uniformly-accelerating-piston problem [5] .
Examples of solving multidimensional problems by means of the dynamic-adaptation method are given, e.g., in [21, 27] .
The aim of the present work is to develop further the dynamic-adaptation method for gas-dynamic problems describing the multiple interactions of shock waves, rarefaction waves, and contact boundaries.
The peculiarities of the dynamic-adaptation method are shown with the example of solving the Woodward -Collela test problem [6] , which is now the most popular test for all new solution methods for gas dynamic problems.
The major problems in the example under consideration are connected with the tracking of discontinuities and their interaction. Discontinuity tracking calls for the development of a reliable means for determining the moment and location of the arising discontinuity. Multiple interactions between discontinuities are characterized by a great diversity, but it can be reduced to several elementary interactions: collision of two couterrunning shock waves, absorption of one shock wave by another wave overtaking it, and passage of the shock wave through the contact boundary.
Woodward -Collela problem [6]
The Woodward -Collela problem describes the interaction of two couterrunning detonation waves resulting from the decomposition of two arbitrary discontinuities (Figs. 1.1 and 1.2). Mathematically, the problem is reduced to the solution of the system of gas dynamic equations: the differential laws of conservation of mass, momentum, and energy, complemented with initial and boundary conditions adequate for each of the problems. In the Euler coordinate system in one-dimensional statement, the problem is formulated in the following form:
By the data in the initial state gas exists in three , m, r regions in three different states:
At the boundaries x = 0, and x = 1 impermeability condition u(t, 0) = u(t, 1) = 0 is given. At the initial instant of time two arbitrary discontinuities are set to the points x = 0.1 and x = 0.9, Fig. 1 .1.
Notation: ρ -density, u -velocity, P -pressure, ε, T -internal energy and temperature, R -gas constant, γ -adiabatic index, x , x m , x r -dimensions of , m, rregions.
The decomposition of arbitrary discontinuities situated at points x = {0.1, 0.9} ( Fig. 1.1 ) leads to the formation in the regions adjoining these points of a complex structure containing rarefaction waves, contact discontinuities, and shock waves ( Fig. 1.2 ). In order to determine this structure, it is necessary to solve, prior to calculations, an additional problem -the so-called arbitrary discontinuity decomposition problem. Analysis of its solution for ideal gas can be found, e.g., in [26, 28] . As applied to the present study, in the case of equations of state for ideal gas and discontinuity decomposition of two types -diverging shock waves and diverging shock wave and rarefaction wave joining each other through the contact boundary -the following algorithm can be written. Let n = 1 correspond to parameters P 1 , u 1 , ρ 1 , T 1 on the left side of the arbitrary discontinuity, and n = 2 -to parameters P 2 , u 2 , ρ 2 , T 2 on the right side. It is required to find parameters P 3 = P 4 , u 3 = u 4 , ρ 3 , ρ 4 , T 3 , T 4 upon decomposition, where 3 -4 is a contact boundary that separates the gas in state 3 adjoining on the other side wave 1 -3 and the gas in state 4 with the second boundary corresponding to wave 4 -2. By virtue of the selfsimilarity of the solution of the discontinuity decomposition problem, as shown in [26, 28] , waves 1 -3 and 2 -4, if any, represent either a shock wave or a rarefaction wave. Therefore, if P 1 < P 3 , then 1 -3 is a shock wave. In this case, the parameters P 3 , u 3 are determined in a one-to-one manner from the Hugoniot adiabat that passes through the point P 1 , u 1 . But if, vice versa, P 1 > P 3 , then 1 -3 is a rarefaction wave. Then the parameters P 3 , u 3 of state 3 are found by means of the Poisson adiabat that passes through the point P 1 , u 1 . The type of wave 4 -2 as a function of P 2 , P 4 is determined in a similar manner. Proceeding from the foregoing, let us define the function F n (P ) for each state 1 of the arbitrary discontinuity under consideration.
In this definition of the function, the first equation describes the Hugoniot adiabat, and the second one -Poisson adiabat. Equating F 1 (P ) and F 2 (P ), from the values of P 1 , u 1 , ρ 1 , P 2 , u 2 , ρ 2 on the discontinuity, let us find by the Newton method the gas-dynamic velocity u 3 = u 4 at the contact boundary. Upon calculation of u 3 = u 4 let us determine P 3 = P 4 and then the other quantities: densities ρ 3 , ρ 4 and temperatures T 3 , T 4 , and in the presence of shock waves, using the Hugoniot conditions, the discontinuity velocities:
(1.4) Subscripts 0 and 1 pertain to parameters on different sides of a discontinuity; D x and Q x denote the mass velocity and flow through the boundary. Solving the decomposition of two arbitrarily given discontinuities by means of the above algorithm, we obtain the following structure ( Fig. 1.2 ). At the site of initial discontinuities contact boundaries are situated, and in the direction to the outer boundaries of the region rarefaction waves propagate, and shock waves propagate counter to each other. Mathematically, this fact can be written as follows:
x ∈ (0.101, 0.899) ρ = 1, u = 0, P = 10 −2 , x ∈ (0.899, 0.9) ρ = 5.99242, u = −6.1964, P = 4.609 · 10 1 ,
x ∈ (0.9, 0.9005] ρ = 0.583, u = −6.1964, P = 4.609 · 10 1 ,
where f (x) is any gas-dynamic function (ρ, u, P ) determined by the formula of linear interpolation for x in the interval stated. At the initial instant of time at the contact boundaries x = 0.1 and x = 0.9 fulfillment of the conditions u 0 = u 1 , P 0 = P 1 is assumed, and at points x = 0.101 and x = 0.899 two shock waves reside, for which the Hugoniot conditions (1.4) are fulfilled.
Solution method
Using substitution of variables of the general form, in accordance with the dynamic adaptation method, we make a transition to an arbitrary nonstationary coordinate system with variables (q, τ ), in which the system of equations (1.1) will be written as follows [5] :
where ψ/ρ is a transform Jacobian, Q is a transform function, whose physical meaning is the flow of matter through the boundary, ∂x/∂t = −Q/ρ is the velocity of the coordinate system. As a result, in the variables (q, τ ) we have obtained an augmented differential system (6), in which the last differential equation is an equation of inverse transformation, which together with the transform Jacobian is used to determine the coordinates of grids nodes, i.e., to construct a calculation grid. Controlled distribution of nodes for each instant of time is carried out by means of the transform function Q, whose concrete form is to be determined.
When ψ = ρ is chosen, the transform Jacobian becomes equal to unity, and, consequently, the coordinates in the physical and calculated spaces at the beginning of the calculation will coincide with each other. Therefore, the initial equations (1.5) in the variables (q, τ ) remain unaltered and are not given to avoid repetition.
In the calculated space, the boundaries q = 0 and q = 1 are fixed and impenetrable
The flow of matter through the contact boundaries q = 0 and q = 1 is absent. Consequently, u 0 (τ, 0.1) = u 1 (τ, 0.1), P 0 (τ, 0.1) = P 1 (τ, 0.1), Q(τ, 0.1) = 0, u 0 (τ, 0.9) = u 1 (τ, 0.9), P 0 (τ, 0.9) = P 1 (τ, 0.9), Q(τ, 0.9) = 0. (2.
3)
The boundaries q = 0.101 and q = 0.899 are claimed to be moving and are separated explicitly. The velocity of their motion is estimated from the conservation flow (1.4).
Solution structure
In the evolution of the given problem, three basic points can be distinguished.
1) Decomposition of two arbitrary discontinuities in the vicinity of the outer boundaries of the region under consideration (Fig. 1.1 ) and, as a consequence, the appearance at the sites of decompositions of contact boundaries, from which rarefaction waves propagate towards the outer boundaries, and two shock waves with different intensities propagate towards each other ( Fig. 1.2) .
2) Collision of these shock waves leading to the formation of a contact boundary with shock waves moving away from it.
3) Passage of one of the shock waves through a contact boundary, as a result of which a rarefaction wave will move away from the contact boundary in the direction opposite to the direction of propagation of the shock wave.
Since in the given problem two arbitrary discontinuities were given initially, to employ the method of dynamic adaptation with explicit tracking of boundaries, one has to solve at the initial stage the problem of arbitrary discontinuity decomposition [26, 28] . As a result of the solution, instead of one arbitrary discontinuity a contact boundary will appear, from which a shock wave propagates into the region of the problem, and a rarefaction wave propagates in the opposite direction ( Fig. 1.2 ). In the present study, rarefaction waves are not separated explicitly, while it should be noted that, if necessary, the algorithm with the separation of both the outer and inner boundaries of the rarefaction wave can be realized. In view of the foregoing, the initially given discontinuity is replaced by two explicitly separated ones -a contact boundary and a shock wave. The characteristic density profile is shown in Fig. 3.1 . In the solution process, the shock waves running towards each other will collide. Their interaction will lead to the formation of a contact boundary and two shock waves moving away from it. This situation is also simulated as the decomposition of an arbitrary discontinuity with parameters corresponding to the gas-dynamic characteristics after the shock wave fronts. Mathematically, this collision will lead to the appearance of one more additional calculated region because of the necessity to separate the contact boundary that has arisen (the calculation algorithm upon decomposition is considered in more detail in the next paragraph.
Arbitrary discontinuity decomposition
It is necessary to consider the problem of the arbitrary discontinuity decomposition in more detail, since it has to be solved not only in the case of initially given discontinuities. As mentioned above, any interactions of discontinuity solutions between one another are reduced to the solution of the arbitrary discontinuity decomposition problem. The algorithm for solving this problem was considered earlier. Using the F n (P ) (1.3), one determines the values of the gas-dynamic velocity and the pressure on the contact boundary formed at the site of interaction of discontinuities. From the Hugoniot conditions and the equations of state the values of the density, the temperature, and the velocities of the shock waves formed are determined. The type of decomposition is uniquely determined from the relation between the pressure obtained and the pressure on the initially given discontinuity. Let us consider the following two situations: 1) the left shock wave passes through the right contact boundary; and 2) two counterrunning shock waves interact with each other. In the first case, the obtained pressure satisfies the inequality P 1 > P 3 = P 4 > P 2 , and the algorithm for continuing the calculation will be as follows: on the left, instead of the shock wave, a discontinuity contact appears, in which u 3 = u 4 and P 3 = P 4 , as well as the values of ρ 3 , T 3 on the left and ρ 4 , T 4 on the right of discontinuity are given; the right boundary is replaced by a shock wave with the values of P 4 , u 4 , ρ 4 , T 4 after the front and of P 2 , u 2 , ρ 2 , T 2 before the front. In the region between discontinuities all gas-dynamic quantities are assumed to be equal to P 4 , u 4 , ρ 4 , T 4 . On the left of the contact boundary, an explicitly nonseparable rarefaction wave is located.
In the second case, the inequality P 3 = P 4 > P 1 > P 2 is fulfilled, which somewhat complicates the calculation algorithm. On the left boundary, instead of the shock wave moving from left to right, there appears a shock wave propagating in the opposite direction with the values of P 3 , u 3 , ρ 3 , T 3 after the front and of P 1 , u 1 , ρ 1 , T 1 before the front. On the right, instead of the shock wave, there appears a contact boundary, on which u 3 = u 4 , P 3 = P 4 are given, and the values of ρ 3 , T 3 on the left of the discontinuity and of ρ 4 , T 4 on its right are given. Then an additional subregion is introduced, whose left boundary is a contact discontinuity and the right one -a shock wave with parameters P 4 , u 4 , ρ 4 , T 4 after the front and P 2 , u 2 , ρ 2 , T 2 before the front. In the region between the left shock wave and the contact boundary all gas-dynamic quantities are assumed to be equal to P 3 , u 3 , ρ 3 , T 3 , and between the contact boundary and the right shock wave -to P 4 , u 4 , ρ 4 , T 4 .
Choosing the adaptation function Q and solution
As mentioned above, for the desired distribution of grid nodes, the transform function Q should depend on the sought solution or its singularities. The main singularity of the solution of the problem of interaction of two counterrunning shock waves is the presence of moving boundaries. Preliminary analysis has shown that to solve this problem, it is enough to restrict oneself to the application of a grid that is quasi-uniform at each instant of time. A dynamic quasi-uniform distribution of nodes can be obtained by using of one of the simplest forms of the function Q obtained by means of the so-called diffusion approximation [4, 15] .
where D is a free parameter having the meaning of the diffusion coefficient. Its value can be determined in terms of the problem parameters: geometric dimensions of the region and the velocity of motion of the boundaries [15] . The determination is based on the linear estimation of the zone covered by perturbations for differential equations of the parabolic type
In (5.1), the coefficient D is chosen such that in time ∆t the perturbation manages to cover the distance L equal to the distance between the moving boundaries. Expressing ∆t in terms of the velocity of motion of boundaries υ ∆t = ∆L/|υ − υ r |, the coefficient D can be given in the form D = L 2 |υ − υ r |/∆L, where ∆L = (ψ/ρ)L is the extension of the region in the time ∆t, and υ , υ r are the velocities of motion of the left and right boundaries, respectively. In view of the expression for the velocity υ ,r = −(Q/ρ) ,r the coefficient D will be written in the final form as
In the discrete space of the grid functions, where the spatial step is h and the domain length is L = hN is expressed in terms of the partitions number N, the coefficient D can be given in the form
Thus, the transform function Q turns out to be related to the singularities of the problem under consideration: with the dimension L(t) and the velocity of motion of the domain boundaries υ ,r .
Difference approximation and solution algorithm
For numerical realization of model (2.1) -(5.4), in the calculated space a difference grid with integer and half-integer nodes
was introduced.
For approximation of the differential equations, the finite-difference method on diverse grids was used, and a family of difference schemes was written [5] , in which at half-integer points the density ρ i+1/2 , the temperature T i+1/2 , the pressure P i+1/2 , and the internal energy ε i+1/2 are determined, and at integer points the velocity u i , the function Q i , and the coordinate x i are determined.
where f σr = σ r · f j+1 + (1 − σ r ) · f j , and σ r = σ 1 , σ 2 , . . . weighting factors defining the degree of implicitness of the deference scheme. If σ 1 = σ 2 = · · · = 0, then we obtain a completely explicit difference scheme with an approximation error O(∆τ + h 2 ). In the case that σ 1 = σ 2 = · · · = 1, the scheme is completely implicit with the same order of approximation. To the value of σ 1 = σ 2 = · · · = 0.5 there correspond a scheme with an order of approximation O(∆τ 2 + h 2 ). Computations were performed for both a completely implicit difference scheme and a mixed scheme with weighting factors equal to 0.5. The choice of weights did not produce any appreciable influence on the results obtained, except for the value of the integration step ∆τ. This paper presents the results obtained for a completely implicit difference scheme with a first order of approximation in time and with a second order of approximation in space.
Since the class of difference schemes used to solve the problem belongs to implicit schemes with central space differences, in the case of convergence of the iteration cycle the difference schemes under consideration are absolutely stable and converge to the solution with the accuracy determined by the order of approximation [28] . According to the known Godunov theorem, monotone difference schemes with an order of approximation higher than the first order in space do not exist. Nevertheless, schemes of high orders of approximation are more preferable than the first order schemes, since in the case of smooth solutions they permit obtaining more exact solutions on spatial grids. Obviously, the difference schemes proposed in the present paper will not be monotone, since they have a second order of approximation in space and do not use any monotonization mechanism. It should be noted, however, that with the use of the dynamic adaptation method many of the problem singularities (shock waves and contact boundaries) are separated explicitly. From the regions with large gradients, which could influence the vacation of solution monotonicity, only rarefaction waves remain. The regions of rarefaction waves enlarge with time in space thus decreasing the initial gradients of the sought functions. This fact, as well as the controlled motion of the calculation grid nodes in the physical space consistent with the sought solution permit decreasing considerably the solution oscillations. Both of the above facts have made it possible to do without separation of the rarefaction wave boundaries and introduction into the difference scheme the monotonization procedure for the Woodward -Colella problem investigated in the present paper. It should be noted that the use of the dynamic adaptation method in no way contradicts the use of various difference schemes and monotone algorithms (e.g., TVD or WENO) for a wide class of problems, and is their essential complement in the cases where reconstruction of the calculation grid at the sites of solution singularities is required. At the same time, as the present sudy shows, in a number of problems it is also possible to do without the monotonization algorithm developed. The main advantage of the dynamic adaptation method is that the problem of solution tracking and grid construction is formulated in the form of a single differential model, in which the mechanism of grid reconstruction is consistent with the sought solution (in each differential equation the metric function ψ and the adaptation function Q, whose interrelationship is reflected in the complement differential equation, is present). As was shown in [22] and [23] , due to the motion of grid nodes consistent with the solution it is possible to considerably lower the dispersion of the difference schemes.
For the functions {u, Q} = f given in integer grid nodes ω, their values in half-integer nodes were determined by the formula f i+1/2 = 0.5(f i + f i+1 ). Likewise, the values of the other functions {ψ, ρ, T, P, ε} = f in integer nodes were determined from the known values of these functions in half-integer ones f i = 0.5(f i−1/2 + f i+1/2 ).
The algorithm for calculating the finite-difference equations (13) is schematically represented in Fig. 6 .1 and consists in sequential iteration by the Newton method of two blocks, one of which contains a difference analog of the energy equation, and the second oneanalogs of the equations of continuity and motion and the equation responsible for the reconstruction of the grid (of the first three equations of system (2.1)). Both blocks were involved in the global iteration cycle. In those cases where the number of external iterations of the global cycle exceeded 7 or the number of internal iterations turned out to be more than 10, the time step was halved. If the number of global operations became less than 4, then the next time step was increased by 20%. As the initial approximation for each of the sought grid function, the value of f cells in each region adjoining the outer boundaries. By virtue of the given initial conditions (1.2), the evolution of each discontinuity will have its own singularities. In particular, the determining effect on the process as a whole is produced by the interaction of shock waves having different intensities. Figures 7.1 and 7.2 correspond to the instant of time when the left rarefaction wave has reflected from the outer boundary and approached the left shock wave, while the right rarefaction wave has only approached the opposite outer boundary. Further propagation of the shock waves towards each other leads to an even higher rarefaction in the regions between the shock waves and the outer boundaries. The density and velocity profiles are shown in Figs 7.3 and 7.4, and in Figs. 7.5 and 7.6 -the moment they collided. To the end of the calculation there corresponded the instant of time at which right shock wave has passed through the right contact boundary (Figs. 7.7 and 7.8), when all discontinuities characteristic of this time are clearly seen: two shock waves and three contact boundaries. It should be noted that solutions obtained by different methods with a total number of nodes less than 500 present only the quantitative behavior of the gas-dynamic functions, allowing quantitative errors, e.g., for the density, of about 50%. Figure 7 .9 compares the density profiles calculated by the dynamic adaptation method to those obtained by means of the modified WENO scheme [11] . It is seen that the dynamic adaptation method has made it possible to obtain a solution on 420 cells practically coinciding with the solution on 12800 cells of WENO5m. 
Conclusions
The dynamic adaptation method as applied to the problems of gas dynamics with multiple interactions of discontinuities that arise in the solution process has been considered. With the example of the test problem (Woodward -Colella problem) the efficiency and applicability of the proposed approach has been shown. The possibility of using the dynamic adaptation method for problems with multiple interactions of discontinuities, where their separation is needed, has been shown. As a transform function, an elementary diffusion-type adaptation function was chosen. The diffusion approximation in Woodward -Colella-type problems, where there is no need for nodes to crowd together towards the solution singularities has made it possible to construct quasi-uniform grids in all subdomains of the solution by choosing an adequate diffusion coefficient. The use of the dynamic adaptation method has made it possible to solve the Woodward -Colella problem on a grid with a total number of nodes reduced by a factor of 30.
